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RATIONAL POINTS ON ELLIPTIC K3 SURFACES OF QUADRATIC
TWIST TYPE
ZHIZHONG HUANG
Abstract. We propose a double covering method to study the density of rational points
and density of fibres of prescribed rank on quadratic twist type elliptic surfaces
f(t)y2 = g(x),
where f, g are cubic or quartic polynomials (without repeated roots). We apply it to certain
generic Mordell-Weil rank 0 cases such as the example of Cassels and Schinzel and prove
unconditionally that rational points are dense both in Zariski topology and in real topology.
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1. Introduction
Throughout this article, by an elliptic surface, we mean a projective surface E defined over
a number field k (smooth, geometrically integral) admitting an elliptic fibration π : E → B
into a curve B endowed with a section over k (in literature we sometimes add “Jacobian” to
emphasize this extra condition, see [Huy16, Chap. 11]). For t ∈ B(k) let Et be the fibre
π−1(t). Via this projection E can be viewed as families of elliptic curves {Et}t∈B(k). E is called
elliptic K3 if moreover it has trivial canonical class and H1(E ,OE ) = 0. Recall that by the
Mordell-Weil Theorem (see for example [Sil09]), the set of rational points E(K) on an elliptic
curve E defined over a finitely generated field K form a finitely generated abelian group. We
will denote the rank of its torsion-free part by rank(E(K)), which we shall call Mordell-Weil
rank in what follows. The problem of density of rational points on elliptic surfaces has been
intensively studied by many authors. The result of Bogomolov-Tschinkel [BT00] states that
rational points are always potentially Zariski dense on elliptic K3 surfaces. It is an empirical
fact that if there exist extra rational points outside the evident smooth rational curves on a
K3 surface, they tend to be Zariski dense over the base field. See for example the work of
Logan-McKinnon-Van Luijk [LMvL10] and [vL12]. Concerning the density in the real topology
of rational points over Q, Mazur has made the following conjecture.
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Conjecture 1.1 (Mazur [Maz92], Conjecture 4). The family {Et} verifies one of the following
exclusive conditions.
(1) The elliptic curves Et has Mordell-Weil rank equal to 0 for all but a finite number of
elements t ∈ Q;
(2) The set {t ∈ Q : rank(Et(Q)) > 0} is dense in R.
The known cases verifying (1) are split surfaces, i.e. E ≃Q B × E where E is an elliptic
curve. We expect that any non-split E should verify (2).
We briefly resume current available methods towards this problem. If the surface itself is
geometrically rational, it is sometimes possible to show that the surface is in fact unirational
over the base field. See for example the work of Billard [Bil98], Desjardins [Des17], Kollár-Mella
[KM17] and Salgado [Sal12]. Another method is to use the Néron-Silverman specialisation
theorem ([Sil83], see also [HS17, Theorem 1.1, Proposition 3.1]) which compares the ranks of
special fibres with that of the generic fibre Ek(B). Suppose that B(k) is infinite. Then the
Néron-Silverman specialisation theorem states that, except for at most finitely many t ∈ B(k),
we have
rank(Ek(B)(k(B))) 6 rank(Et(k)).
So once the left hand side (which we shall call generic (Mordell-Weil) rank) is strictly positive,
then almost all members in the family {Et}t∈B(k) are of positive Mordell-Weil rank. Hence the
problem reduces to constructing a non-torsion section with respect to the fibration π. Some-
times such procedure requires some base change (rational or elliptic) of the initial fibration.
This technique, developed by Salgado in [Sal09], [Sal12] and later in [SvL14] and [HS17], allows
us to introduce “new” section while preserving the old ones. See also [Ula07] and [Gvi19]. For
an entirely different approach using cohomological tools, we refer to [HS16].
We will be concerned with the isotrivial elliptic pencils defined over Q, arising as family of
quadratic twists of an elliptic curve, for which an affine model can be chosen as
(1) Ef(T ) : f(T )Y 2 = g(X),
where f(T ) ∈ Q[T ], g(X) ∈ Q[X] are separated polynomials with deg g(X) = 3 or 4. The
change of variable Z = Y f(T ) gives another affine model Z2 = f(T )g(X). When g(X) =
X3+aX+ b is of degree 3, on performing another change of variables, we can write the above
equation as
Y 2 = X3 + af(T )2X + bf(T )3.
The projection in T parametrizes a family of elliptic curves with constant j-invariant.
The variation of the root number among families of elliptic curves is a useful indicator of
studying the density of rational points and is pioneered by Rohrlich [Roh93] in such quadratic
twist families. He proves that for the isotrivial family above the sets of fibres with positive or
negative root numbers are either both dense in R or are precisely the intervals where the sign
of the polynomial f(T ) does not change. One piece of the evidence in favour of the Zariski
density of rational points is the Parity Conjecture (see (7)), asserting that the root number
predicts the parity of the Mordell-Weil rank of an elliptic curve. It can be seen as a weaker
version of the famous Birch and Swinnerton-Dyer conjecture, asserting that the Shafarevich-
Tate group is finite and that the analytic rank and the Mordell-Weil rank of any elliptic curve
coincide. See [VA11] for an investigation of this subject for various rational elliptic surfaces.
For general families of abelian schemes A → B defined over a number field whose base B
is a curve of genus 6 1, in [Sal12] and [HS17, Remarks 1.6 & 1.7], Hindry and Salgado asked
about the density of the number of fibres with given Mordell-Weil rank, which can be seen as a
far more precise version of the Néron-Silverman specialisation. For simplicity we shall suppose
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that B ≃ P1Q is a rational curve. We associate a Weil height H to the line bundle O(1). For
example, a naive choice can be that for t = pq ∈ Q,H(pq ) = max(|p|, |q|) for gcd(p, q) = 1. For
T > 0 and n ∈ N, consider the sets
(2) Fn(T ) = {t ∈ Q : H(t) 6 T, rank(A(Q)) = n}, N(T ) = {t ∈ Q : H(t) 6 T}.
It is easy to see that #N(T ) ≃ cT 2 for some c > 0. The question is to estimate #Fn0(T )
or # ∪n>n0 Fn(T ) for n0 ∈ N. In the case of elliptic surfaces over Q, Néron-Silverman
specialisation theorem implies that
lim
T→∞
#
⋃
n>rank(E(Q(P1))) Fn(T )
#N(T )
= 1.
So the question becomes interesting only in cases where n0 > rank(E(Q(P1))). A conjecture of
Goldfeld predicts that, for f(T ) linear, half of the fibres should have Mordell-Weil rank 1 and
another half should have rank 0. However currently much less can be said when deg f(T ) > 2.
Munshi [Mun11, Corollaries 4 & 5] shows that, for f(T ) quadratic, #F1(T ) ≫ε T 2−ε. In
general if there exists a rational base change φ : P1 → P1 such that the surface E ×φ,P1 P1 →
P1 has positive generic rank, then #
⋃
n>rank(E(Q(P1))) Fn(T )≫ T δ for some δ > 0.
Amongst elliptic K3 surfaces with zero generic rank, Cassels and Schinzel constructed in
[CS82] the following quadratic twist family defined over Q whose affine model is given by the
following equation.
(3) Ed : y2 = x3 − d2(1 + t4)2x.
Here x, y, t are variables and d ∈ N is the parameter. The discriminant (with respect to t)
∆d(t) = 64d
6(1 + t4)6
is of degree 24 and hence Ed is birational to a K3 surface by Miranda’s classification [Mir89].
They prove that ([CS82, Theorem 1], see also [Roh93, LEMMA §9]) there exist only finitely
many solutions (x, y) ∈ Ed(C(t)) to (3) up to complex multiplication by Z[i] and they are in
fact ∈ Ed(Q(i,√2, t)). Moreover, if d is neither a square nor twice a square (i.e. d/2 a square),
then Ed(Q(t)) consists of only torsion points (i.e. y = 0). So in this case
rank(Ed(Q(t))) = 0,
and the Néron-Silverman specialisation a priori does not give any information on fibres of
positive Mordell-Weil rank. The surface (1) has large geometric Picard group. But it is not
a priori clear to either explicitly describe its Jacobian elliptic fibrations over Q besides the
evident one (x, y, t) 7→ t, or to construct a suitable rational base change in order to obtain
a non-torsion section. When d ≡ 5, 6, 7 mod 8, one can show that fibres with negative root
numbers are dense in R. The main goal of this article is prove, unconditionally on standard
conjectures, that Mazur’s conjecture (Conjecture 1.1) is true for infinitely many members of
the family Ed.
Theorem 1.2. There exists an infinite set D of square-free integers containing 1, 5, 7, 41, · · ·
such that rational points on the elliptic surface Ed (3) are dense both in the Zariski topology
and in the real topology. Also the set {t ∈ Q : rank(Edt (Q)) > 0} is dense in R. We have
moreover
(4) #{t ∈ Q : H(t) 6 T, rank(Edt (Q)) > 0} ≫d log T.
In fact we actually prove that D contains the numbers 17p, where p is prime ≡ 5 or 7
mod 8. The estimate (4) gives some insight to the fibre counting problem (2). And lower
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bound (4) comes from single sets Fn, especially when working with small d’s, because we can
say more about the precise rank of fibres.
Our approach to attack the surfaces Ed is, on one hand, via constructing double coverings
similar to that used by Colliot-Thélène, Skorobogatov and Swinnerton-Dyer in [CTSSD97],
where their goal was to prove that rational points are not Zariski dense on certain hyperelliptic
surfaces. On the another hand, this construction can also be viewed as an elliptic base change
of the initial elliptic fibration, similar to Elkies’ work [Elk88] on disproving Euler’s conjecture.
Let us first introduce several notations. Let d ∈ N>1 be the square-free parameter for Ed as
before. For C ∈ N>1, we define the elliptic curve EdC with affine equation
(5) EdC : Cy
2 = x3 − d2x.
It is isomorphic over Q to E1Cd. We also define the hyperelliptic curve with affine equation
(6) HC : Cs2 = 1 + t4.
It has geometric genus 1 and admits a ramified double cover of the projective line written in
affine coordinates (s, t) 7→ t. These curves play a key role in classifying the fibres of Ed.
Proposition 1.3. We have the following birational equivalence for the base change of Ed:
EdHC := Ed ×t HC ≃bir EdC ×Q HC .
Furthermore, for d ∈ D, there exists a square-free integer C > 0 such that
rank(EdHC (Q(HC))) × rank(EdHC (Q(EdC))) > 0.
This implies that after base change by the hyperelliptic curve (6), the surface Ed becomes
birational to a split abelian surface. One can interpret this base change as follows. The
fibres which are isomorphic to EdC over Q are parametrized by HC(Q) (Proposition 4.1). In
particular if HC(Q) is infinite, we see that Ed has infinitely many isomorphic fibres. See
Propositions 5.1 & 5.2 in Section 5 for a discussion of the solubility of HC . The lower bound
(4) can be deduced by counting rational points of bounded height on the (hyper)elliptic curve
HC . If moreover rank(EdC(Q)) > 0, or in the classical terminology, Cd is a congruent number,
rational points are thus Zariski dense (in fact dense in real topology) on the surface EdC×QHC .
We can summarize this argument into the following inequality:
rank(EdC(Q)) = Ed(Q(HC)) > Ed(Q(P1)).
Then it suffices to apply Néron-Silverman specialisation theorem to the fibration EdHC → HC
or use Proposition 4.4 infra to prove Theorem 1.2. From another point of view, the flexibility
of choosing the square-free integer C allows us to define different elliptic fibrations over Q,
although they are all isomorphic over C. This idea of varying the parameter C also plays an
important role in [HS16].
Our method may also be used to prove or reprove results about families of other degrees,
for example, the K3 surface
(1 + T 4)Y 2 = 1 +X4.
In the case where deg f(T ) = deg g(X) = 3, Ef(T ) is an affine model of the Kummer surface
associated to the abelian surface defined by the product of the elliptic curves
E : y2 = g(x), F : s2 = f(t).
Since cubic polynomials can achieve any real value, we deduce from Rohrlich’s theorem [Roh93,
Theorem 2] (cf. Theorem 3.2 infra) that the surface Ef(T ) always has varying root number.
Conditional on the Parity Conjecture, rational points should always be Zariski dense on ar-
bitrary such Kummer surface. We shall show how the construction of double coverings leads
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to the following interesting result on simultaneous non-vanishing of ranks of quadratic twists.
For C ∈ Q×, EC (resp. FC) denotes the quadratic twist of E (resp. F ) by C.
Theorem 1.4. Assume deg f(T ) = deg g(X) = 3 and (jE , jF ) 6= (0, 0) or (1728, 1728). Then
there exists C ∈ Z 6=0 square-free such that
rank(EC(Q)) rank(FC(Q)) > 0.
In fact we show that the existence of such C is a necessary and sufficient condition to
guarantee the Zariski density of rational points (cf. Proposition 7.2 infra). The proof of
this theorem relies, apart from the double coverings, on the work of of Kuwata and Wang
[KW93, Theorems 2 & 3]. It is interesting to compare Theorem 1.4 with the result of Petrow
[Pet14]. By using analytic approach, he studies simultaneous non-vanishing at the central
value of derivatives of L-functions attached to two modular forms (without any restriction on
j-invariants), conditional on GRH. Let NE (resp. NF ) be the conductor of E (resp. F ) and
ω(E) (resp. ω(F )) denote the root number. As a consequence,
Theorem 1.5 (Petrow, [Pet14], Theorem 2.2). Assuming GRH. Suppose that neither (NE , ω(E))
nor (NF , ω(F )) is (, 1). Then there exist infinitely many square-free C’s such that
rank(EC(Q)) rank(FC(Q)) = 1.
In particular if we grant GRH, for the remaining cases (i.e (jE , jF ) = (0, 0) or (1728, 1728)),
combining our double covering methods, Petrow’s result implies that rational points are Zariski
dense on Ef(T ).
This text is organised as follows. In Section 2 we compute, following Cassels and Schinzel,
the root number of fibres of the surfaces Ed for all square-free d. It also contains a short
resume of the topology of genus one curves over R with special reference to hyperelliptic
quartics. Section 3 is devoted to some geometric properties of the general quadratic twist type
surfaces Ef(T ) and recalling known results such as variation of root numbers. We introduce
the double covering method in Section 4 from several points of view: isomorphism classes of
fibres, elliptic base changes and Z/2Z-torsors. In Section 5 we develop, following [Coh07], a
criterion for the existence of infinitely many rational points on certain hyperelliptic quartics
by reducing to certain elliptic curves. It is also naturally related to Diophantine equations of
the shape X4 + Y 4 = CZ2. The main theorem is proven in Section 6. We also investigate
the density of fibres with prescribed rank in particular Ed’s. The last section we apply this
method to treat quadratic twist type elliptic surfaces of degree three.
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problem as well as enlightening guidance. We are grateful to Mike Bennett, Yang Cao, Julie
Desjardins, Étienne Fouvry, Damián Gvirtz, Emmanuel Lecouturier, Alexei Skorobogatov,
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interest. Much of this work was done at IMJ-PRG, accomplished at MPIM in Bonn and
presented at CMO-BIRS Oaxaca conference site. Their hospitality is gratefully appreciated.
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2. Preliminaries
2.1. Root numbers. Let ω(E) denote the root number of an elliptic curve E/Q. By the
work of Shimura, Wiles et al (previously the Weil-Taniyama conjecture), all elliptic curves
defined over Q are modular and so their L-series LE(·) admit an analytic continuation to the
complex plane and satisfy the functional equation
ζE(s) = ω(E)ζE(2− s), ω(E) = ±1,
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where ζE(s) = N
s
2
E (2π)
−sΓ(s)LE(s), NE the conductor and Γ(·) the Gamma function. The
case where ω(E) = −1 implies that the L-series LE(·) has a zero at s = 1 and the analytic
rank ran(E) of E is odd. One has in fact
ω(E) = (−1)ran(E).
The Parity Conjecture asserts that
(7) ω(E) = (−1)rankE(Q).
In particular when ω(E) = −1 one should have rank(E(Q)) is odd and a fortiori positive.
The study of quadratic twists of the elliptic curve
E := E1 : y
2 = x3 − x
has a long history. For any integer D ∈ N>1, we define the elliptic curve ED to be its quadratic
twist by D
(8) ED : y
2 = x3 −D2x,
We say that D is a congruent number if rank(ED(Q)) > 0. A classical computation carried
out by Birch and Stephens [BS66] shows that for the quadratic twist family of elliptic curves
ED where D > 0 a square-free integer,
(9) ω(ED) =
{
1 D ≡ 1, 2, 3 mod 8;
−1 D ≡ 5, 6, 7 mod 8.
A folklore conjecture asserts that all such integers D satisfying ω(ED) = −1 should be con-
gruent numbers. Of course this is a consequence of the Parity Conjecture (7).
We proceed as in [CS82, p.347] to compute the root numbers for the family Ed. Write
t = lm , with (l,m) ∈ Z, gcd(l,m) = 1. With the change of variables
X = m4x, Y = m6y,
the equation (3) becomes
(10) Ed : Y 2 = X3 − (d(l4 +m4))2X.
For any prime p | l4+m4 with p 6= 2, then we have p ≡ 1 mod 8; if 2 | l4+m4, or equivalently,
l ≡ m mod 2, then 2‖l4+m4. By (9), the root numbers of the fibres are computed as follows.
First we consider odd d. For n ∈ N, we define ε(n) = n−12 . One has for d ≡ 3, 5 mod 8
square-free,
ω(Ed(l,m)) =
{
(−1)ε(d) if l ≡ m mod 2;
−(−1)ε(d) if not.
Otherwise
ω(Ed(l,m)) =
{
−1 if d ≡ 7 mod 8;
1 if d ≡ 1 mod 8.
Next if d = 2d1 with d1 ≡ 1, 3, 5, 7 mod 8, we have similarly
ω(Ed(l,m)) =
{
1 if l ≡ m mod 2, d1 ≡ 1, 3 mod 8 or l 6≡ m mod 2, d1 ≡ 1, 5 mod 8;
−1 if l ≡ m mod 2, d1 ≡ 5, 7 mod 8 or l 6≡ m mod 2, d1 ≡ 3, 7 mod 8.
We conclude from this computation that the surface Ed has constant root number −1 (resp. 1)
if and only if d ≡ 7 mod 8 or d = 2d1, d1 ≡ 7 mod 8 (resp. d ≡ 1 mod 8 or d = 2d1, d1 ≡ 1
mod 8), and in other cases we get varying root numbers so that ±1 appear with the same
probability.
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2.2. Elliptic curves over R. Recall that an elliptic curve defined over Q
E : y2 = x3 + ax+ b
is connected if and only if
∆ = −16(4a3 + 27b2) < 0.
If it is not connected then the equation
x3 + ax+ b = 0
has 3 distinct real roots and it has precisely two connected components. We shall call the one
containing the point at infinity the identity component E(R)0.
Lemma 2.1. Let E1, E2 be two elliptic curves over Q. Consider the following properties.
(1) Rational points on E1 ×Q E2 are dense in the real topology,
(2) Rational points on E1 ×Q E2 are Zariski dense,
(3) rank(E1(Q)) · rank(E2(Q)) > 0.
Then we have (1) ⇒ (2) ⇔ (3). If both E1, E2 verify that Ei(R) is connected or Ei has
a 2-torsion point defined over Q not on the identity component, then all of the above are
equivalent.
Proof. The equivalence of (2) and (3) is clear. We show that under the additional hypothesis,
(2)⇒ (1). It is a classical fact that any infinite subgroup of a 1-dimensional Lie group has open
topological closure. After Waldschmidt [Wal93] this is also true for simple abelian varieties of
dimension g and rank > g2 − g. This means that once rational points are Zariski dense on
Ei, their topological closure contains the identity component. So if this is the case but Ei(R)
is not connected, then the translation by the 2-torsion point on the non-identity introduces
rational points on the other component of Ei(R). We conclude that Ei(Q) = Ei(R). 
2.3. Hyperelliptic quartics. Let k be a field of characteristic 0 and k¯ be an algebraic closure.
Recall here the well-known fact that a (smooth) hyperelliptic quartic has a smooth model as
the intersection of two quadrics in P3, whose plane affine model can be written as (with a
singularity at infinity)
(11) H : Y 2 = G(X) = aX4 + cX2 + dX + e, a, c, d, e ∈ k, a 6= 0.
Its geometric genus is 1. Here we are mostly interested in their underlying elliptic curve over
k and their real topology when k = R.
2.3.1. Weierstrass models. It is classically known back to Fermat that the curve (11) has the
following (k¯/k)-Weierstrass form ([Sko01, Proposition 3.3.6])
(12) E : u2 = v3 − 27Iv − 27J,
where
I = 12ae+ c2, J = 72ace − 27ad2 − 2c3,
are the classical cubic invariants of (11). Furthermore, H is a k-torsor under E and there is a
covering map φ : H → E over k which is in fact the quotient of E ×Spec(k[X]/(G(X))) by the
finite group scheme E [2] acting on both factors. In particular, if H(k) 6= ∅, we have H ≃ E
over k, i.e. the equation of E is indeed a Weierstrass form for H over k.
2.3.2. Quadratic twists. Let C ∈ k∗\k2. We can view it as the k-torsor TC = Spec(k[T ]/(T 2−
C)) under Z/2. By quadratic twist of H by C, denoted by HC , we mean the diagonal quotient
of H ×k TC by Z/2, where Z/2 acts on H as the hyperelliptic involution (X,Y ) 7→ (X,−Y ).
We easily verify that HC is defined by the affine equation CY 2 = G(X).
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2.3.3. Topology of hyperelliptic quartics. Throughout this section we suppose k = R and a > 0.
We always have H(R) 6= ∅ and so H can be transformed into (12) over R. In order that the
curve (11) is smooth, the polynomial G(X) has no repeated roots. So over R only three cases
can happen:
(1) Type I: G(X) = 0 has no real roots;
(2) Type II: G(X) = 0 has two distinct real roots;
(3) Type III: G(X) = 0 has four distinct real roots.
We now show that all these types of curves have an affine model over R which is even, i.e.
d = 0 in (11). And we shall give criterion in the even cases to assure that twists of (11) contain
infinitely many rational points in Section 2.3.3.
Type I: The curve (11) has the R-diffeomorphic affine model
(13) Y 2 = X4 + 1.
The (affine) real locus of (13) has two symmetric branches (one on the upside of the X-axis
the other below). Each branch intersects the Y -axis in certain point (0, Y0). So in this case
its Weierstrass model (12) intersects x-axis three times. We conclude that the curve (11) is
NOT connected. However the map (X,Y ) 7→ (X,−Y ) exchanges rational points between the
two components of (13).
Type II: the polynomial G(X) factorises into the product of two degree two factors, one
with two distinct real roots and the other without real root. In this case one gets two branches,
one on the left and the other on the right with respect to the Y -axis. By choosing a suitable
translation, we may assume that the two real roots are opposite to each other. So the curve
(11) is R-diffeomorphic to
Y 2 = (X2 + 1)(X2 − 1).
We readily check that its Weierstrass model (12) is connected, and so is the curve itself.
Type III: Still by a suitable change of variables if necessary we may assume that the smallest
and the biggest roots are opposite to each other say (−X0, 0) and (X0, 0) and hence on the
interval X > X0, (11) is R-diffeomorphic to
Y 2 = (X2 −X20 )(X2 −X21 ),
where 0 < X1 < X0. As before one sees that this part (on the interval X > X0) is connected.
The inner part of (11) bounded by the two other roots gives rise to the second connected
component.
We summarize our discussion into the following.
Proposition 2.2. Curves (11) of Type II are connected and those of Type I and III are not
connected. For those of Type I and II, Zariski density and real density are equivalent when
G(X) is even.
3. Kummer type elliptic surfaces
Throughout the discussion we fix two separated polynomials f, g. Define two hyperelliptic
curves (whose variables should not be confused with those before).
E : y2 = g(x) ⊂ A2x,y;
F : w2 = f(t) ⊂ A2t,w,
(14)
with their respective hyperelliptic involutions
(15) ̺1 : (x, y) 7→ (x,−y), ̺2 : (t, w) 7→ (t,−w).
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Then outside the fixed points of ̺1 and ̺2, the map
φ : E ×Q F 99K Ef(T ),(16)
(x, y)× (t, w) 7−→ (X,Y, T ) = (x, y
w
, t)(17)
establishes a (generically) double covering of the split surface E × F to (an affine model of)
Ef(T ) which is unramified outside the locus (Y = 0,∞).
3.1. Jacobian elliptic surfaces. In this section we suppose that deg g(X) = 3. The elliptic
curve E has a Q-point at infinity, which gives us a Q-section. We fix this section at infinity
to be the zero section, Ef(T ) is then a Jacobian isotrivial elliptic surface over Q.
(18) Ef(T ) : f(T )Y 2 = X3 + aX + b ⊂ A3X,Y,T .
Each smooth fibre (Ef(T ))T=t has constant j-invariant as E.
3.1.1. Kodaira dimension. After Miranda’s classification, we have
Proposition 3.1 ([Mir89]). Let n be the smallest integer such that 2n > deg f(T ). Then
• n = 0: the surface is split, i.e. Ef(T ) is birational to E ×P1;
• n = 1: the surface is (geometrically) rational and has Kodaira dimension −∞;
• n = 2: the surface is (birationally) K3 and has Kodaira dimension 0;
• n > 3: the surface is of Kodaira dimension 1. We sometimes say that it is elliptic of
“general type”.
3.1.2. Variation of root numbers. Recall that in the preceding section we have defined
T+ = {t ∈ Q : Et smooth, ω(Et) = +1}
and respectively T−. A theorem of Rohrlich says that in general, either root numbers change
frequently, or they are determined by the sign of the values of f(T ).
Theorem 3.2 (Rohrlich, [Roh93] Theorem 2). Let Ef(T ) be the family as before. Then exclu-
sively one of the following statement is true.
• Both of the sets T+ and T− are dense in R;
• The sets T+ and T− are precisely up to permutation
{t ∈ Q : f(t) > 0} and {t ∈ Q : f(t) < 0}.
In particular, if f(T ) takes negative values, then conditional on the parity conjecture, many
fibres should have positive (odd) Mordell-Weil rank. Therefore rational points should be
Zariski dense. Applying Theorem 3.2 to the examples that we consider in this article, we may
rephrase our computation in Section 2.1 as follows. Since f(T ) = 1+T 4 > 0, we have T− = R
and T+ = ∅ (resp. T+ = R and T− = ∅) precisely when d ≡ 7 mod 8 or d = 2d1, d1 ≡ 7
mod 8 (resp. d ≡ 1 mod 8 or d = 2d1, d1 ≡ 1 mod 8). For other d’s the computation reveals
that we are in the first case of the theorem.
3.2. Coverings between K3 varieties. The aim of this section is to indicate some coverings
between elliptic K3 surfaces, where the top is a quartic surface and the bottom is a Jacobian
elliptic surface. The Cassels-Schinzel family (3) sits in the middle. They are in fact different
Q-forms of Kummer surfaces associated to product of two elliptic curves.
First we recall several classical geometric facts. By the Torelli theorem for K3’s [PSS71],
diagonal quartic surfaces
(19) Q : ax40 + bx41 + cx42 + dx43 = 0
10 ZHIZHONG HUANG
are Kummer. Shioda–Inose showed that they are biholomorphic over C to Kum(E0 × E1),
where
E0 ≃ C/(Z+ iZ), E1 ≃ C/(Z+ 2iZ).
Moreover, let σ be the involution (called the Nikulin involution [Huy16, 15.4])
σ : (x0 : x1 : x2 : x3) 7→ (x0 : x1 : −x2 : −x3).
Then they showed that over C,
Q/〈σ〉 ≃bir Kum(E0 × E0).
Note that j(E0) = 1728, we conclude from their theorem that the diagonal quartics are
generically double coverings (over C) of Ef(T ) with j(E) = j(F ) = 1728 (They admit a
Shioda–Inose structure [Huy16, 15.4]).
We shall now give a concrete form of this double covering. The advantage is that it is
defined over Q. To ease the notation we shall only consider the surface a = b = c = −d as in
[Elk88],
(20) S1 : x
4
0 + x
4
1 + x
4
2 = x
4
3.
Take an affine model of (20) as
x4 + y4 + 1 = z4.
The change of variable (kindly communicated to the author by Gvirtz)
x 7→ rt, y 7→ r, z 7→ s
yields another affine model of S1
(21) S′1 : (t
4 + 1)r4 = s4 − 1,
which is a double covering of
(22) S2 : (t
4 + 1)r2 = s4 − 1.
Note that the surface S2 (22) contains the rational section (r, s, t) = (0,±1, t) and is the
Jacobian of the twisted elliptic curve over Q(t) (See [Sko01, Proposition 3.3.6])
(23) S3 : (t
4 + 1)r2 = s3 + 4s.
We henceforth get that S2 ≃bir S3. We would like to comment here that in [KW93, p. 121],
it is claimed without proof that the diagonal quartic surface (20) is a double covering of the
Cassels-Schinzel family (3) with d = 2. Note however that this quadratic twist family (23)
looks like the family Ed but they are different in real topology. Elkies [Elk88] proves that
rational points are dense in S1(R) or equivalently in S′1(R). Since the image of S
′
1(Q) in
S2(Q) is a thin set but not Zariski closed, his result implies that rational points are Zariski
dense in S3.
We conclude our discussion here by remarking that, since diagonal quartic surfaces are on
the top of this covering tower, proving the (real-)density of rational points on them can imply
certain density results on Ef(T ). Specifically, if we start with the following surface
Qd : x40 + x41 = x42 + 4d2x43,
the same computation yields that it is a double covering of
(t4 + 1)y2 = x3 − d2x,
an equivalent model of the surface Ed (3). As shown by Swinnerton-Dyer [SD00], the surfaceQd
possesses two different elliptic fibrations over Q. Conditional on several standard conjectures,
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rational points are dense (see also the result of Logan-Mckinnon-van Luijk [LMvL10]), thereby
implying the same property for Ed.
4. The double covering method
4.1. Classification of fibres and parametrization of rational points. The proof of The-
orem 1.2 reduces to the key observation that the elliptic surfaces Ed have many isomorphic
fibres over Q. Recall the hyperelliptic curves E,F (14). For any square-free integer C ∈ Z 6=0,
we define the “twisted” curves EC , FC whose affine equations are
(24) EC : Cy
2 = x3 + ax+ b ⊂ A1x,y, FC : Cw2 = f(t) ⊂ A1t,w.
Both curves EC , FC are also equipped with the hyperelliptic involution (15) and we get also
the double coverings defined in the same way as (16):
(25) φC : EC ×Q FC 99K S,
The indeterminacy locus is (w = 0) ⊂ EC ×Q FC ⊂ A1x,y ×A1t,w and the unramified locus is
precisely
(26) UC = (EC × FC) \ ((w = 0) ∪ (y = 0))
whose image is W = Ef(T ) \ (Y = 0,∞). We note
(27) V =W \ (f(T ) = 0).
We remark that for C,C ′ ∈ Z 6=0 square-free such that CC ′ > 0, the surfaces EC × FC and
EC′ × FC′ are isomorphic over R by the change of variables
y 7→
√
|C|
|C ′|y, w 7→
√
|C|
|C ′|w.
To simplify notation, we shall write Et to denote the fibre of Ef(T ) at T = t.
Proposition 4.1. Two smooth fibres Et, Et′ are isomorphic over Q if and only if there exists
C ∈ Z 6=0 square-free and w,w′ ∈ Q such that (t, w), (t′, w′) ∈ FC(Q).
Proof. Quadratic twists are defined up to squares. For each t ∈ Q, define Ct ∈ Z 6=0 to be the
unique square-free integer in the class of f(t) in Q×/Q×2. Then Et, Et′ are isomorphic over Q
if and only if
Ct ≡ Ct′ mod Q×2 ⇔ Ct = Ct′
since they are assumed to be square-free. Finally this is equivalent to saying that there exist
s, s′ ∈ Q× such that
f(t) = Cts
2, f(t′) = Cts
′2.
Now we see that the fibres Et, Et′ are all isomorphic to EC by means of the change of variable
Y = sy or s′y. 
Now it becomes clear that Proposition 1.3 is nothing but another way of rephrasing Propo-
sition 4.1 in the way that the base change FC 99K P1 splits the surface Ef(T ):
(28) Ef(T ) ×P1 FC ≃ EC ×Q FC .
The main reason of introducing this constant C is that it gives a “parametrization” of rational
points on Ed.
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Proposition 4.2. Recall the quasi-projective varieties UC (26) and V (27). We have that
(UC)C square-free are Z/2Z-torsors over V together with the following decompositions
(29) V(Q) =
 ⊔
C∈Z 6=0 square-free
φC(UC(Q))
 ;
(30) V(R) = φC(UC(R))
⊔
φC′(UC′(R)),
where C,C ′ are any square-free integers such that C ∈ Z>0 and C ′ ∈ Z<0.
The decompositions are consistent with Proposition 4.1.
Proof. Indeed, the variety V is obtained by quotient of the fixed-point-free action (̺1, ̺2)
(operating on each factor) on the surface
(EC \ (y = 0))× (FC \ (w = 0)).
We also observe that UC ≃ V ×Gm Gm, where V → Gm is defined by the invertible function
C−1f(t) and Gm → Gm is x 7→ x2. The decompositions (29) and (30) are nothing but the
evaluation map (k = Q or R)
V(k) −→ H1ét(k,Z/2Z) = k∗/k∗2,
and the fact that {C ∈ Z 6=0 square-free} is a set of representatives of Q∗/Q∗2 and for any
C ∈ Z>0 and C ′ ∈ Z<0 both square-free, {C,C ′} is a set of representatives of R∗/R∗2. 
Remark 4.3. Let us now compare the general “double covers” studied in detail in [CTSSD97].
After Colliot-Thélène and Sansuc [CTS87, Théorème 2.3.1, p. 421] (see also [CTSSD97, Propo-
sition 1.1, Theorem 2.1]), for X a smooth variety, the group of isomorphism classes of Z/2Z-
torsors over X, namely H1ét(X,Z/2Z) is identified with the subset of H
1
ét(Q(X),Z/2Z) =
Q(X)∗/Q(X)∗2 consisting of rational functions defining a double divisor. Here we consider
f(T ) as an element of Q(Ef(T )). Since f(T ) is invertible on V, the divisor div(f) is the zero
divisor (hence a double). However, on Ef(T ), each fibre of div(f) is not necessarily double and
so UC cannot in general extend to a Z/2Z-torsor on the whole of Ef(T ). Another reason is
that if they did, then the disjoint union (29) would be finite for a proper model W of Ef(T )
since the evaluation map W(Q) → H1ét(Q,Z/2Z) = Q∗/Q∗2 would have finite image. In our
case the disjoint union is clearly not finite.
4.2. Topology of rational points on Kummer type elliptic surfaces. In the view of
the decompositions of rational points and real points, we have the following criterion about
density of Ef(T )(Q) in Zariski topology and in real topology of Ef(T ).
Proposition 4.4. Assume deg f(T ) 6 4. Then we have
(1) In order that rational points (over Q) are Zariski dense on Ef(T ), it suffices that there
exists C ∈ Z 6=0 square-free such that rational points (over Q) are Zariski-dense in the
surface EC ×Q FC .
(2) In order that rational points (over Q) are real-dense in Ef(T ), it suffices that there exist
C ∈ Z>0 and C ′ ∈ Z<0 square-free such that rational points (over Q) are real-dense
in the surfaces EC ×Q FC and EC′ ×Q FC′ .
Proof of Propositions 4.4. This follows directly from the decompositions (29) and (30) in
Proposition 4.2 and the fact that φC is étale on UC over Q or R. 
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Remark 4.5. If deg f(T ) > 5, the hyperelliptic curve F has geometric genus > 2, so by
Faltings theorem, rational points can never be dense on the surface EC × FC . Otherwise, if
deg f(T ) 6 4, then the curve F is either rational or elliptic. The weaker condition that there
exists a square-free C ∈ Z 6=0 such that rational points are Zariski dense on EC ×Q FC readily
implies that rational points are dense in at least one connected component of Ef(T )(R). With
some extra conditions (on E and F ), one can prove that rational points are actually dense on
the whole of Ef(T )(R). For example, if deg f(T ) = 4 and it always takes positive values, then
the real locus of E−1 ×Q F−1 is empty. In this case even though F is not connected, taking
into account the symmetry (cf. Section 2.3.3), the conclusion of Proposition 4.4 still holds.
This will be case for the family Ed (see Section 6).
5. The Diophantine equation X4 + Y 4 = CZ2
As a natural generalization of the Fermat’s Last Theorem, similar methods can be adapted
to attack Diophantine equations of the form
AXr +BY s + CZt = 0, A,B,C ∈ Z; r, s, t ∈ N>1
and to show that most of them have no integer solution, especially when r, s, t are sufficiently
large:
1
r
+
1
s
+
1
t
> 1.
However for the intermediate types
1
r
+
1
s
+
1
t
= 1
including the type that we are interested in here (r, s, t) = (4, 4, 2), their solutions can be always
related to rational points on certain elliptic curves. The inhomogeneous quartic equation
(31) QC : X4 + Y 4 = CZ2, C ∈ N>1 square-free
is essentially another way of writing the hyperelliptic curve HC (6) by putting
t =
X
Y
, s =
Z
Y 2
.
We define the associated elliptic curve to be
(32) EC : y
2 = x3 + C2x,
together with the 2-descent map α : EC(Q) → Q×/Q×2 defined as follows. For P = (x, y) ∈
EC(Q) (where we denote by O the point at infinity), let
(33) α(P ) =
{
1 mod Q×2 if P = O, (0, 0);
x mod Q×2 otherwise.
The following proposition is a special case of [Coh07, Proposition 6.5.5].
Proposition 5.1. Suppose that C > 2. The followings statements are equivalent.
(1) There exists a solution (X,Y,Z) ∈ Q3 of (31) such that XY Z 6= 0;
(2) There exist infinitely many coprime solutions of (31);
(3) All odd prime factors of C are ≡ 1 mod 8, 2C is a congruent number and the image
of α contains the class of C in Q×/Q×2.
(4) #HC(Q) =∞.
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Proof. We recall the curves ED (8). We first observe that
rank(EC(Q)) = rank(E2C(Q))
thanks to the following 2-isogeny
ψ : EC −→ E2C
(x, y) 7−→
(
y2
x2
,
y(C2 − x2)
x2
)
with kernel ker(ψ) = {O, (0, 0)}. Furthermore, since C > 2 and square-free, EC(Q)tor ≃ Z/2Z
and it is generated by the point (0, 0) (cf. [Cas91, p.52]). Fix a coprime solution (X,Y,Z) ∈
N3>1 of (31). Observe that for any prime p 6= 2 dividing X4 + Y 4, we have p ≡ 1 mod 8.
Also if 2 | X4 + Y 4, then necessarily X and Y are both odd and an easy computation shows
that 4 ∤ X4 + Y 4. Since global solubility trivially implies local solubility, in order that (31)
admits non-zero solutions, C must be a product of prime factors ≡ 1 or 2 mod 8. Through
the change of variable
x = C
X2
Y 2
, y = C2
XZ
Y 3
we get a non-torsion point of EC(Q). So 2C is necessarily a congruent number. It follows also
that
α
(
C
X2
Y 2
)
= C mod Q×2.
To see the converse, assume rank(E2C(Q)) > 0 and so #EC(Q) =∞. Choose P ∈ EC(Q)
non-torsion such that α(P ) = C mod Q∗2. Then we have
P + 2EC(Q) ⊆ α−1(α(P )).
So pick any Q = (x, y) ∈ P + 2EC(Q). Define (X,Y,Z) ∈ N3>1 with gcd(X,Y ) = 1 by
X
Y
=
√
x
C
, Z =
√
X4 + Y 4
C
.
We readily check that this defines a coprime solution of (31). 
Recall that in Section 2.3.1, HC is a Q-torsor under E2C . To determine whether HC(Q) 6=
∅, it is enough to see whether [HC ] ∈ H1(Q,E2C) is zero or not. Together with the local
solubility (3) in Proposition 5.1, we have the following criterion.
Proposition 5.2. Let C > 2 be a square-free integer such that all odd prime factors of C are
≡ 1 mod 8 and that 2C is a congruent number. Let Ω(n) denote the number of odd prime
factors of an integer n. Then the equivalent statements of Proposition 5.1 hold when
2Ω(C) = rank(E2C).(34)
Proof. Let ψ˜ be the 2-isogeny E2C → EC so that ψ ◦ ψ˜ : E2C → E2C is [·2], the multiplication
by 2 map. We have seen that (as in the proof of Proposition 5.1) ker(ψ˜) = Z/2. From the
following commutative diagram
(35) 0 // Z/2

// E2C
ψ˜
// EC
ψ

// 0
0 // E2C [2] // E2C
[·2]
// E2C // 0,
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we obtain
EC(Q)
ψ

α
// H1(Q,Z/2)
ψ′

// H1(Q,E2C)
E2C(Q)
δ
// H1(Q,E2C [2]) // H
1(Q,E2C),
where α is the 2-descent map defined by (33) and δ is an appropriate 2-descent map for E2C
so that the diagram commutes. The last hypothesis in (3) of Proposition 5.1, i.e. [C] ∈
im(α) ⊂ H1(Q,Z/2) = Q×/Q×2, amounts to saying that [C] goes to zero in H1(Q,E2C)
of the first line, which means HC ≃Q E2C . The above diagram tells us it is equivalent that
ψ′([C]) ∈ H1(Q,E2C [2]) goes to zero in H1(Q,E2C) of the second line, which means ψ′([C])
comes from E2C(Q). From another commutative diagram induced by (35) of Kummer exact
sequences:
0 // EC(Q)/ψ˜E2C(Q) //
ψ

Selψ˜(Q,EC) //
ψ′

X
1(Q,EC)[ψ˜] //

0
0 // E2C(Q)/2E2C (Q) // Sel
2(Q,E2C) //X
1(Q,E2C)[2] // 0,
(36)
and the local solubility condition guarantees that [C] ∈ Selψ˜(Q,EC) and so ψ′([C]) ∈ Im(ψ′) ⊂
Sel2(Q,E2C). Since E2C(Q)tor = E2C [2] = Z/2 ⊕ Z/2, the Z/2-rank of E2C(Q)/2E2C(Q) is
rank(E2C(Q)) + 2. So we always have
#Sel2(Q,E2C) > 2
rank(E2C)+2.
By [HB94, Appendix], we have that the Z/2-rank of Sel2(Q,E2C) is 6 2Ω(C) + 2. So the
condition (34) implies that Sel2(Q,E2C) and E2C(Q)/2E2C (Q) have the same Z/2-rank. And
thus from the second line of (36), X1(Q,E2C)[2] = 0. 
Remark 5.3. Assuming the Parity Conjecture (7) for quadratic twists of E, the hypothesis
(34) in Proposition 5.2 is automatically satisfied when C has only one odd prime factor. Indeed,
we have in this case the Z/2-rank of Sel2(Q,E2C) is 6 4, but the root number ω(E2C) = 1, so
the Parity Conjecture implies that rank(E2C(Q)) is even, so it must be 2 once it is non-zero.
We extract several values of C such that rank(E2C) = 2 and for which (31) is solvable from
Cohen’s table [Coh07, p. 395] for later use:
(37) 17, 82 = 2× 41, 113, 257, 4001.
On the other hand, since rank(E2C) > 0, we always have dimZ/2E2C(Q)/2E2C(Q) > 3. If
dimZ/2 Sel
2(Q,E2C) = 4, assuming the finiteness of 2-primary part of the group X1(Q,E2C),
then the basic properties of the Cassels-Tate pairing on X1 implies that #X1(Q,E2C)[2] is
a perfect square ([Sil09, X.4 Theorem 4.14]). So we conclude from the second line of (36) that
dimZ/2 E2C(Q)/2E2C(Q) = dimZ/2 Sel
2(Q,E2C) = 4 and X1(Q,E2C)[2] = 0. However, if C
has two odd prime factors, then the maximal Z/2Z-rank of the Selmer group Sel2(Q,E2C) is
6, which is larger than the suggested value 4 (unless rank(E2C(Q)) = 4) and X1(Q,E2C)[2]
could be non-zero. Indeed this is the case for all exceptional values that verify the local
solubility and rank(E2C(Q)) = 2 listed in [Coh07, p. 395]. Their corresponding hyperelliptic
curves HC give raise to non-zero elements of X1(Q,E2C)[2], those who violate the Hasse
principle.
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6. Demonstrations of the main theorem and particular examples
The goal of this section is to prove Theorem 1.2. We shall first consider several particular
Ed’s. The fact that #D =∞ will be established at the end.
6.1. The hyperelliptic curves HC . Recall in the beginning we have defined the hyperelliptic
curve HC (6). The discussion in Section 5 leads to
Proposition 6.1. For any C on the list (37), HC(Q) is dense in HC(R).
Proof. This follows from Propositions 5.1 and 2.2. 
This proposition implies that the hyperelliptic projection HC → P1 has dense image for
any C listed in (37).
6.2. Density estimate. Recall the local condition (3) of Proposition 5.1, the associated el-
liptic curve EC always have positive root number, so does the hyperelliptic quartic HC . We
have that for all C listed in (37), rank(HC(Q)) = 2 (cf. [Coh07, p. 395]). It follows that
#{(s, t) ∈ HC(Q) : H(t) 6 T} ≍ log T.
In this way we obtain a lower bound for the density of fibres of prescribed rank (see (2)) since
#{t ∈ Q : H(t) 6 T, rank(Edt (Q)) = rank(EdC(Q))} =
1
2
#{(s, t) ∈ HC(Q) : H(t) 6 T}.
6.3. The family Ed. By Proposition 4.2, we have
(Ed \ (Y = 0))(Q) =
⊔
C∈Z 6=0 square-free
φC(E
d
C ×Q HC)(Q).
In order to prove that rational points are dense in real topology, we use Proposition 4.4. Note
that for any C ′ < 0, the real locus of EdC′×HC′ is empty. We can restrict ourselves to positive
square-free’s. We dispose already a list of values C (37) at hand for the curve HC to have
non-trivial hence infinitely many solutions. It remains to consider the rank of EdC , that is, to
determine whether Cd is a congruent number or not. We are free to cite the table of Elkies
[Elk]. He shows that for all square-free D ≡ 7 mod 8 up to 106 the associated elliptic curve
ED has the same analytic and Mordell-Weil rank and he lists all such D for which ED is of
rank 3. By using this table one can say a bit more by looking at explicit examples of elliptic
surfaces Ed. Some of them can have special fibres of “jumping” Mordell-Weil rank, and all
such fibres will in fact be dense in R because the hyperelliptic curve HC is of type I (See
Section 2.3.3). All elliptic surfaces in this section will be proved to have dense rational points
in real locus and all sets below parametrizing fibres with specific rank will satisfy (4) by the
argument in §6.2. The density of fibres with prescribed ranks in R follows from Proposition
6.1. Note that smooth fibres having positive Mordell-Weil rank are dense in R also follows
from Mazur’s observation ([Maz92, Proposition]).
6.3.1. d = 5. The first theorem is concerned with an elliptic surface with varying root number.
Proposition 6.2. For the elliptic surface E5, the sets
{t ∈ Q : rank(E5t (Q)) = 1}, {t ∈ Q : rank(E5t (Q)) = 0}
are both dense in R.
Proof. The number 85 = 5 × 17 is a congruent number where as 410 = 5 × 82 is not. It
suffices to select from the list (37) C = 17 and 82 and considering the surfaces E85 ×H17 and
E410 ×H82. 
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6.3.2. d = 7. The surface
(38) E7 : y2 = x3 − (7(1 + t4))2x.
is original one considered by Cassels and Schinzel [CS82]. It has constant root number −1.
The parity conjecture implies that all fibres should have positive odd rank. We show that
fibres with rank 1 or 3 are both dense in R.
Proposition 6.3. For the elliptic surface E7, the sets
{t ∈ Q : rank(E7t (Q)) = 1}, {t ∈ Q : rank(E7t (Q)) = 3}
are both dense in R.
Proof. We have
7× 17 ≡ 7× 4001 ≡ 7 mod 8.
By Elkies’ table [Elk],
rank(E7×17(Q)) = 1, rank(E7×4001(Q)) = 3,
it suffices to consider (31) with C = 17 and 4001. 
6.3.3. Surfaces with positive constant root number. Recall the computation in Section 2, for
d ≡ 1 mod 8, the surface Ed has constant root number +1. We supply an two examples here.
Proposition 6.4. The set
♯{t ∈ Q : rank(Edt (Q)) > 0}
is dense in R for d = 1, 41.
Proof. For d = 1, we can choose C = 257 in the list (37), which is also a congruent number.
For d = 41, since 41 × 113 is a congruent number (see Remark 5.3, in fact E41×113 has rank
2), it suffices to consider (31) with C = 113. 
Remark 6.5. As we see from the proof, a necessary condition to prove Zariski density of
rational points is the existence of a C such that all its prime factors are ≡ 1 mod 8 and both
C and 2C are congruent numbers. They seem to form a very sparse subset of square-free
integers and it is not known whether there exists infinitely many of them.
6.4. End of the proof of Theorem 1.2. Up to now we have exhibited several d’s such that
Ed verifies Theorem 1.2. It remains to show that the set D of such d is infinite, we may apply
a classical result of Stephens [Ste75] which states that any prime number ≡ 5, 7 mod 8 is a
congruent number. Fix such prime p and consider d = 17p. We have Ed17 ≃ E1p and so
rank(Ed17(Q)) rank(H17(Q)) > 0.
Consequently, by Propositions 4.4 and 5.1,
{17p : p prime number ≡ 5, 7 mod 8} ⊂ D.
This subset clearly has infinite cardinality.
The Parity Conjecture (7) suggests that the set D should be much bigger. The recent
breakthrough of Y. Tian [Tia14, Theorem 3] affirms the existence of infinitely many congruent
numbers with arbitrarily many given number of prime factors. One can use it to “enlarge”
the set D so that it contains integers with arbitrarily many given number of prime factors.
The technical condition about the 4-rank should not cause problems in counting thanks to
the works of Gerth [Ger84] and Fouvry-Klüners [FK07]. They show that imaginary quadratic
fields with any specified 4-rank have positive density. We will not go into details.
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7. Applications to quadratic twist type elliptic surfaces of lower degree
We shall apply the double covering method developed in Section 4 to study the surfaces
Ef(T ) (18) with deg f(T ) = deg g(X) = 3 and prove Theorem 1.4. We keep the notations in
Sections 3 and 4. The key result is Proposition 7.2, which indicates that constructing double
coverings is natural when looking into rational points on Ef(T ). However the lower bound we
get regarding the aforementioned question of Hindry and Salgado is much less from truth, as
shown in [KW93]. We hope to make improvements in forthcoming works.
After lifting into double coverings, the key input is an observation due to Rohrlich.
Lemma 7.1 ([Roh93], §8 LEMMA). Let E be an elliptic curve with Weierstrass equation
y2 = x3 + ax+ b.
We fix the equation for EC the quadratic twist by C ∈ Q× to be
EC : Cy2 = x3 + ax+ b.
Then
#{x ∈ Q : ∃C ∈ Q×,∃y ∈ Q, (x, y) ∈ EC(Q)tor} <∞.
Proposition 7.2. Assume that deg f(T ) = deg g(X) = 3. The following statements are
equivalent.
(1) Rational points are Zariski dense on Ef(T );
(2) Rational points are dense on at least one (hence half of) connected component of V(R);
(3) There exists C ∈ Z 6=0 square-free such that rational points are Zariski dense on EC ×
FC ;
(4) The set of w ∈ Q such that rank(Ew(Q)) rank(Fw(Q)) > 0 is dense in one of the
intervals R>0 and R<0.
If any one of these hypothesis is satisfied, then we have
#{t ∈ Q : H(t) 6 T, rank(Ef(T )t (Q)) > 0} ≫ (log T )
1
2 .
Proof. We shall prove the implications (4)⇔ (3)⇒ (2)⇒ (1)⇒ (3). It is clear that (4)⇒ (3)
since it suffices to take Cw ∈ Z 6=0 square-free ≡ w mod Q×2. To see (3) ⇒ (4), without loss
of generality we may assume C > 0. The implication follows from the observation that the set
{w ∈ Q : w ≡ C mod Q×2}
is dense in R>0. (2)⇒ (1) is easy.
We now show (1)⇒ (3). By Proposition 4.4, we have the decomposition of rational points
on V:
V(Q) =
⊔
C∈Z 6=0 square-free
φC(UC(Q)).
If rational points are not dense on any of the UC , then for any C at least one of the groups
EC(Q), FC(Q) can only contain torsion points. According to Lemma 7.1 and the expression
of the morphism φC (16) (25), there exists a Zariski closed subset Z of Ef(T ) consisting of
points (X,Y, T ) with finitely many possible X-coordinates or T -coordinates so that for any
C ∈ Z 6=0 square-free,
φC(UC(Q)) ⊂ Z ∪ (X = 0) ∪ (Y = 0) ∪ (T = 0).
This contradicts the fact the union of all such φC(UC(Q)) is Zariski dense.
Finally, the cardinality of fibre counting set is bounded from below by that of FC(Q), which
goes like ≍ (log T ) 12 . 
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With the help of Proposition 7.2, Theorem 1.4 follows easily from the result of Kuwata-
Wang [KW93] and Néron-Silverman specialisation. More precisely Kuwata and Wang show,
when (jE , jF ) 6= (0, 0) and (1728, 1728), after some rational base change, that there always
exists a rational section whose rational points are non-torsion for any of the Jacobian elliptic
fibrations. By iterating according to the group laws associated to different elliptic fibrations,
rational points are therefore dense both in Zariski topology and in real topology.
We can reformulate Proposition 7.2 similarly concerning the real topology as follows. (Com-
pare also Proposition 4.4 (2)). The proof is similar so we leave details to the reader.
Proposition 7.3. Assume that deg f(T ) = deg g(X) = 3. We have the implications (1) ⇔
(2)⇒ (3)⇔ (4) between the following properties.
(1) Rational points are dense in Ef(T )(R);
(2) There exists C ∈ Z>0 and C ′ ∈ Z<0 square-free such that rational points are dense on
both (EC ×Q FC)(R) and (EC′ ×Q FC′)(R);
(3) There exists C ∈ Z>0 and C ′ ∈ Z<0 square-free such that rational points are Zariski
dense on both EC ×Q FC and EC′ ×Q FC′ ;
(4) The set of w ∈ Q such that rank(Ew(Q)) rank(Fw(Q)) > 0 is dense in R.
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